We study a two-component Bose and gas with artificial spin-orbit coupling (SOC) which couples the center-of-mass momentum of atom to its internal states. We show that in this system resonance can be induced by tuning SOC strength. With a two-dimensional SOC, resonances in two scattering channels can be induced by tuning the aspect ratio of SOC strengths. With a three-dimensional SOC, resonance in all three scattering channels can be induced by tuning the appropriate SOC strength. Our method can also be applied to a Fermi gas where resonance can also be induced with two-or three-dimensional SOC.
Introduction. In ultracold quantum gases, resonance scattering can often be induced by various means. In alkali atoms, the effective interaction between atoms can be tuned by magnetic Feshbach resonance [1] in which scattering states in the open channel are coupled to molecular states in the closed channel and their energy difference can be tuned by an external magnetic field. In alkali earth atoms, the effective interaction can be tuned by optical Feshbach resonance [2] in which a laser field couples two scattering atoms in the open channel to a molecular state in the close channel. In trapped system, confinement induced resonance [3] may occur, which can be also interpreted as due to coupling between effective closed and open channels similar to a Feshbach resonance [4] . These methods of inducing resonance are powerful tools to manipulate ultracold quantum gases.
Artificial spin-orbit coupling (SOC) which couples the center-of-mass momentum and internal states of an atom [5] [6] [7] [8] , was realized in experiments on Bose gases [9, 10] and Fermi gases [11, 12] . Although so far most of experimental SOC was one-dimensional (1D), recently twodimensional (2D) SOCs were successfully generated in experiments [13, 14] . In a Fermi gas with a 1D SOC, it was found experimentally that near a Feshbach resonance the resonance position can be shifted by changing the detuning energy and intensity of Raman lasers [15] , which was also studied theoretically [16, 17] . In a two-component Bose gas with SOC, the low-energy scattering problem is even more complicated because there are three s-wave scattering channels instead of one. In this work, we theoretically investigate how to induce resonances in a Bose gas with SOC.
We will show that in a two-component Bose gas with a general three-dimensional (3D) anisotropic SOC resonances can be induced by tuning SOC strengths, as a result of the special single-particle excitation and lowenergy density of states (DOS) due to SOC. Our main results are as follows. In a Bose gas with a 2D anisotropic SOC, resonance in two scattering channels can be induced by tuning the aspect ratio of SOC strengths, while the other scattering channel is unaffected. In a Bose * yinlan@pku.edu.cn gas with a 3D anisotropic SOC, resonance in all three scattering channels can be induced. The resonance position in each scattering channel can be tuned more effectively by changing the SOC strength in the corresponding direction, which can be very useful for studying spindependent effects. In the same formulism, we study a Fermi gas with a 2D or 3D SOC where resonance can also be induced by tuning SOC strength in any direction. The implication of our results to current experiments is also discussed.
Model. We first consider a two-component homogeneous Bose gas with a SOC, described by the Hamiltonian H = H 0 + H soc + H int . The SOC term is given by
where c kρ is the annihilation operator of a boson with wavevector k and spin component ρ, ρ =↑ or ↓, h kα = 2 λ α k α /m, m is the mass of an atom, λ α is the strength of SOC in α-direction, α = x, y, z, and σ α is the Pauli matrix,
The SOC becomes Rashba SOC when λ x = λ y and λ z = 0, and Weyl SOC when λ x = λ y = λ z .
The kinetic energy term is given by H 0 = kρ c † kρ ǫ k c kρ where ǫ k = 2 k 2 /2m. The single-atom Hamiltonian H 0 +H soc can be diagonalized, yielding two helical excitation branches ε
The energy minimum of the lower branch ε − k is given by −ǫ λ where λ = max(|λ x |, |λ y |, |λ z |). In the case of Rashba and Weyl SOCs, the density of states (DOS) of the lower branch,
where V is volume, are qualitatively different near the energy minimum from that without SOC, as shown in Fig. 1 . The low-energy DOS has a strong effect on bound-state energies and resonance positions as discussed later in this paper.
We consider low-energy effective interactions between bosons, which include three contact interactions, two intraspecies and one interspecies, given by FIG. 1. DOS of a boson with SOC. The solid line is the DOS with Rashba SOC which is a step function at energy minimum. The dashed line is the DOS with Weyl SOC which is inversely proportional to the square root √ E + ǫ λ near energy minimum. The dotted line is DOS with SOC λz = 2λx = 2λy which is proportional to the square root √ E + ǫ λ near energy minimum, similar to the case without SOC.
Due to symmetry we have g ↑↓ = g ↓↑ = 4π
2 a ′ /m, where a ′ is the interspecies scattering length in the absence of SOC. In the following, for simplicity, we consider the case with the same intraspecies interaction, g ↑↑ = g ↓↓ = 4π 2 a/m, where a is the intraspecies scattering length in the absence of SOC.
Two-body bound states. The eigenequation of a twobody bound state is given by H |ϕ = E 0 |ϕ , where E 0 and |ϕ are eigenenergy and eigenstate of a bound state with zero center-of-mass momentum,
To obtain the coefficient φ ρρ ′ (k, −k) and eigenenergy E 0 , we follow the approach in Ref. [18, 19] and rewrite the eigenequation as
where Φ k is a newly-defined vector with four components,
T , and G is the matrix of coupling constants
The matrix M k is given by
where
and following Eq. (4) we obtain
In general Eq. (7) has four solutions. We find that there are three physical bound states, two intraspecies bound states with Q 1 = [q 1 , −q 1 , 0, 0] and Q 2 = [q 2 , q 2 , 0, 0], and one inter-species bound state with Q 3 = [0, 0, q 3 , q 3 ]. The other solution, Q 4 = [0, 0, q 4 , −q 4 ], satisfies Fermi statistics instead of Bose statistics and is thus ignored. Further more, we find that although the eigenstate of a single atom mixed up two spin components, eigenenergies of the three two-body bound-states are determined by either intraspecies scattering length a or interspecies scattering length a ′ , not both. From Eq. (7) (see Appendix A for the derivation), we obtain equations for eigenenergies of intra-species bound states
and of the inter-species bound state
where α ′ = x for bound state Q 1 and α ′ = y for bound state Q 2 . In Eq. (8) and (9), if λ α = 0, h kα = 0, then the eigenenergy equation of the corresponding bound state is the same as that without SOC. When λ α = 0, the eigenenergy of corresponding bound state clearly has SOC dependence. Especially in the cases of Rashba and Weyl SOCs, Eq. (8) and (9) have infrared divergences at energy threshold E 0 = −2ǫ λ on r.h.s, due to the special low-energy DOS. Resonance occurs at the scattering length a r where the binding energy of the bound state E b = −E 0 − 2ǫ λ vanishes. After eigenenergies are solved, the bound state wave functions can be easily obtained from the Eq. (4), as shown in Table I . Bound states Q 1 and
We first consider 2D SOC with λ z = 0. In the case of Rashba SOC with λ x = λ y , due to the non-vanishing DOS, the resonance position of two intraspecies scattering channel are shifted to a r = 0 − , while the resonance position of the interspecies channel is unshifted still at 1/a r = 0 [18] . From Eq. (8), we can obtain the binding energy of intraspecies bound-states given by (see Appendix B for the derivation)
is the dimensionless binding energy.
In the case of a 2D anisotropic SOC with λ x = λ y , we can solve binding energies numerically from Eq. (8) and (9) . Although the low-energy DOS is qualitatively the same as that without SOC, resonance positions of two intraspecies channels are still shifted due to the quantitative difference, as shown in Fig. 2 , while the resonance 
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position of the interspecies channel is unshifted. In the limit β = λ 2 x /λ 2 y → 0, the resonance position of the Q 2 scattering channel is unshifted, but the resonance position of the Q 1 channel is shifted to a r = 1/|λ y | due to the anisotropy in Eq. (8) . The resonance positions a r changing as functions of the aspect ratio β is shown in Fig. 2(d) . The difference response to the change in SOC aspect ratio between intraspecies and interspecies channels offers a useful tool to induce resonance in different spin channels. For other types of 2D SOCs, e.g. λ x = 0 or λ y = 0, our method can be applied to solve these cases as well. In the case of λ x = 0, we find that binding energies of the Q 2 intraspecies and the interspecies bound states can be tuned by the SOC strength anisotropy parameter λ y /λ z , and resonance can be induced in these two scattering channels, while the binding energy of the Q 1 bound state is unaffected. In the other case with λ y = 0, binding energies of the Q 1 intraspecies and the interspecies bound states can be tuned by the anisotropy of SOC strength λ z /λ x , but that of the Q 2 bound state is unaffected.
3D anisotropic SOC. With a 3D SOC, as implied in Eq. (8) and (9), resonance can be induced in all three scattering channels. For Weyl SOC, λ x = λ y = λ z = 0, the binding energies of the two intra-species bound states are equal, given by (see Appendix B for the derivation)
The binding energy of the interspecies bound state satisfies the same equation as Eq. (11) except that a is replaced by a ′ . The resonance positions of all three bound states are at scattering lengths 0 − due to the special lowenergy DOS with Weyl SOC [19] .
For a general 3D SOC with λ x , λ y , λ z = 0, resonance positions a r can be numerically obtained from Eq. (8) and (9) . As shown in Fig. 3(a) , when λ x and λ y are fixed and λ z varies, the resonance position of the interspecies Q 3 scattering channel changes much more rapidly than those of intraspecies channels. Similarly, the resonance position of the intraspecies Q 1 (Q 2 ) channel can be effectively tuned by changing SOC strength λ x (λ y ). Also shown in Fig. 3(a) , when two lager SOC strengths λ y and λ z are equal, resonance positions of the Q 2 and Q 3 channels are at scattering lengths 0 − , while that of Q 1 channel is surprisingly stays at a finite value which can be obtained analytically (see Appendix C for the derivation)
where β = λ 2 x /λ 2 y . The unexpected behavior can not be simply interpreted by the enhanced low-energy DOS which is finite at the threshold. It is rather due to the direction dependences in r.h.s. of Eq. (8) and (9) which may cancel the singular behavior in the DOS. It again shows that the resonance position in each spin channel can be tuned almost separately.
If two smaller SOC strengths are equal, all the resonance positions are away from a r = 0 − , because the lowenergy DOS is qualitatively different from the previous case, as shown in Fig. 1 . In this case, all the resonance positions varies with the smaller SOC strength as shown in Fig. 3(b) , but that of the scattering channel corresponding to the largest SOC strength varies more slowly. For λ x = λ y andγ = λ 2 x /λ 2 z < 1, we analytically obtain resonance positions of intraspecies bound states (see Appendix C for the derivation)
and that of interspecies bound state
where λ = |λ z |. Fermion bound state with SOC. For a Fermi gas with 1D SOC, resonance can be induced by tuning the intensity and detuning energy of the Raman lasers [15] [16] [17] . Here we address this problem in the case of a 2D or 3D anisotropic SOC. We apply the same method and obtain the same equation for the bound-state eigenenergy as Eq. (4). However, since there is no s-wave interaction between fermions of the same internal state due to Pauli exclusion principle, the coupling matrix G is now replaced by
There is only one nontrivial solution satisfying Fermi statistics, i.e. the interspecies bound state with Q 4 = [0, 0, q 4 , −q 4 ] as mentioned previously. Its eigenenergy E 0 is given by the equation
which can be solved analytically in the case with a Rashba SOC
and in the case with a Weyl SOC
consistent with Ref. [20] [21] [22] . In both cases, binding energies vanish as a ′ → 0 − indicating that two fermions can form a bound state for arbitrary a ′ . For anisotropic SOCs, we solve the binding energy numerically and find that the resonance position is shifted to a finite negative value. As shown in Fig. 4 , the resonance position is unshifted in the 1D-SOC limit, and driven to 0 − in the case of a Rashba or Weyl SOC, or when two larger SOC strengths equal. If two smaller SOC strengths are equal, we find the explicit form of resonance position given by
where λ x = λ y andγ = λ Discussion and conclusion. In experiments, 1D SOC has been generated by coupling Raman lasers to the internal states of atoms [9] . In the fermion case resonance position can be tuned near a Feshbach resonance by changing the laser intensity and detuning energy [15] . The 1D case that we have studied in this work corresponds to the limit with zero laser intensity and detuning energy, where SOC induced resonance does not occur. Mixing of higher partial waves in the effective interaction between dressed atoms was found in the experiment a Bose gas with 1D SOC [23] . We plan to study the boson case with 1D SOC, finite laser intensity and detuning energy in our future works. A 2D SOC has been generated in a Bose gas in an optical lattice [13] where on top of the periodic structure the SOC is more complicated than what we have studied. SOC and confinement induced resonance in this system is an open question. Near a SOC induced resonance, we expect that the system will suffer severe particle loss, which can be used as an experimental signature to identify the resonance. The two-body and three-body scattering properties near the SOC induced resonance are important and worth to be studied. SOC induced resonance can be useful to study macroscopic quantum states [18, 19] and strong correlation effects.
In summary, we find that in an ultracold Bose gas with a general anisotropic 3D SOC, resonances can be induced by tuning SOC strengths. In a Bose gas with 2D SOC, resonance can be induced in two scattering channels by tunning the aspect ratio of SOC strengths. In a Bose gas with 3D SOC, resonance in all three scattering channels can be induced. The resonance position in each scattering channel can be tuned more effectively by each SOC strength in the corresponding direction, which can be very useful for studying spin-dependent effects. Our method can also be applied to a Fermi gas where resonance can be induced in the case of 2D and 3D SOCs by tuning any SOC strength.
By using the SOC inversion symmetry h k = −h −k , we obtain 
where Therefore we can easily obtain the eigenenergy equation 1/g ↑↑ = A − B for the intraspecies solution Q 1 = (q 1 , −q 1 , 0, 0), 1/g ↑↑ = A + B for the intraspecies solution Q 2 = (q 2 , q 2 , 0, 0), and 1/g ↑↓ = C + D for the interspecies solution Q 3 = (0, 0, q 3 , q 3 ), as in Eq. (8) and (9) . For the interspecies bound state of fermions with Q 4 = (0, 0, q 4 , −q 4 ) the eigenenergy equation is given by 1/g ↑↓ = C − D, as in Eq. (16) . In these equations, renormalization conditions of coupling constants m/(4π 2 a) = 1/g ↑↑ + k 1/(2V ǫ k ) and m/(4π 2 a ′ ) = 1/g ↑↓ + k 1/(2V ǫ k ) are used.
